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We compare the numerous available data on ionic activities. in the presence of polyeleccroIytrs. with evaluation of rhrse 
quantities from a modified Poisson-Boltzmann equation in the framework of a cell model. This treatment gives an excellent 
description of the mean activity for various ions. The activity of counterions is well-predicted. that of co-ions ;s generally 
overestimated. 

1. Introduction 

Ions play a predominant role in numerous im- 
portant biological processes. Thus, amine-induced 
DNA condensation depends markedly upon the 
presence of ions [l]. Likewise, interactions of 
ligands with nucleic acids are modulated by the 
concentrations of available univalent cations [2,3]. 
Another biological polyelectrolyte, heparin, ex- 
hibits anti-clotting activity deriving seemingly from 
its ability to bind divalent ions [4]. 

These few examples show the importance of a 
good understanding of the interactions between 
ions and polyions. A direct measure of such inter- 
actions is afforded by experimental determinations 
of activity coefficients of various ions in the pres- 
ence of polyelectrolytes. Furthermore, we have 
devised a model which accounts well for results 
obtained by NMR observables for the counterion, 
i.e., depending mostly upon ionic concentrations 
in the immediate vicinity of the polymeric chain 

l Charge de rccherche au FNRS. 
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[5]. Since measured activities depend on ionic com- 
position at the limits of the cell [6]. a comparison 
between the observed and the calculated activities 
will provide a complementary test of our model. 
Furthermore, the recent spectrophotometric de- 
terminations of divalent ionic activities by Kwak 
et al. [7.8] provide extremely useful information 
about the average distribution of ions in the cell. 

A large number of simplified models have been 
devised to reproduce, in more or less empirical 
manner, the activity of ions in the presence of a 
polyion. Among these. the most popular two-state 
model is assuredly Manning’s [9.10]. whose limita- 
tions we have already stressed [5,11]. 

More recently, GuCron and Weissbuch [12] have 
developed a newer two-state model based upon a 
derivation from the Poisson-Boltzmann equation. 
They attributed deviations between the results from 
their model and experimental determinations to 
polarization of the counterions. 

At about the same time, we suggested interven- 
tion of site binding to explain discrepancy between 
the experimental results and a solution of the 



Poisson-Boltxmann equation [13]. However, such 
an interpretation is questionable. since it requires 
degrees of binding greater than 50%. i.e., much 
above their actual magnitude [ll]. 

We have focussed our attention therefore on 
limitations intrinsic to the Poisson-Boltzmann ap- 
proach. which completely neglects interionic corre- 
lations. By introducing a local activity correction 
proposed by Hill [14]. we have obtained excellent 
agreement between experimental results and pre- 
dictions from the Poisson-Boltzmann equation thus 
modified [l I]. 

In this paper. we show how to simplify this 
formalism in order to increase its generality without 
sacrificing any of its quality. 

We further improve the model by explicit con- 
sideration of excluded volume effects. 

2. Data and treatment 

2.1. Dutu front the Iiterutcrre 

In order to draw significant conclusions from 
this study. we compare predictions from our model 
with measurements of ionic activity from experi- 
mental methods as diverse as potentiometry. 
osmometry. and spectrophotometry. We have also 
considered a great variety of polymers including 
polystyrene sulfonate (PSS) [15-171, pectates and 
pectinates [ 181. carboxymethylcellulose (CMC) 
[l&19]. heparin [20.21] and dextran sulfate (DSS) 
[S]. Employing these polyelectrolytes we have 
calculated activities for the following ions: Nat. 
Ca’*. Cu”. Zn”. and Cl-. 

7 7 Treutment _._. 

In the framework of our modified Poisson- 
Boltzmann treatment [5.11]. and the cell model, we 
use an ionic distribution law of the form: 

c;(~)creXp(-&(r)/kT) (1) 

and we write the energy of the i-th ion as: 

E,;ir)=e,(I$(r)-+(R))+kTlny,(r) (2) 

where R is the limiting radius of the cylindrical 
cr!l. and y,(r) the ionic activity calculated from 

the local ionic strength (for justification of the use 
of y,(r). see ref. 14). 

The first term in eq. 2 describes the electrostatic 
interaction of an ion i, placed at a distance r from 
the polyelectrolyte, with the polymer and with the 
other ions present at distances other than r. The 
second term in eq. 2 expresses the interionic inter- 
actions for ions at the same radial distance r. Such 
an empirical correction improves considerably the 
classical Poisson-Boltzmann model [l I]. 

We further improve upon this model by taking 
into account the finite size of the ions which 
preclude them from collapsing onto the polyelec- 
trolyte. For this purpose, we set: 

E,(r)=;9.whrnr~u,+op (33) 

E,(r)=e,(+(r)-+(R))+kTiny,(r).whenr=-a,+~, 

(3b) 

where u, is the ionic radius and up the polymer 
radius. 

The model corresponding to eqs. 1 and 3 is a 
simplified version of the primitive model [22]. After 
normalization, one obtains: 

=<;(R)y,(R) =JP(--CE,(~)/X-~-) 

where 

(4) 

Q,=G’/ rxp( - E,(.C)/kT)-d.? 
r; 

VT being the cell volume. 
We solve such a modified Poisson-Boltzmann 

equation by dividing the cell into a series of coaxial 
cylindrical crowns (or shells), in each of which the 
ionic concentration is constrained to remain con- 
stant. We substitute in this manner into the con- 
tinuous Boltzmann distribution a sequence of step 
functions [ll]. The activity coefficient y,(r) had 
been formerly evaluated from the local ionic 
strength. at a distance r from the axis of the 
cylindrical polyion, according to the equations of 
Scatchard et al. [23]_ These calculations of activity 
were dependent upon the type of ion considered 
and upon the nature of rhe sites on the polymer. 

Such a correction demanded knowledge of the 
ionic composition at a radial distance r from the 
polymer axis. and there was a problem in the 



applicability of the equation used, since they are 
valid only for electrically neutral solutions [ll]. 
Hence, we resort now, in order to calculate this 
term y,(r). to the formalism by Sun et al. [24]: 

logy,(r) = -0.51~: pm 
1 + 1.26m 

-0.15/(r) +0.06/(r) 
1 

(5) 

where Z, is the valency of the ion considered. The 
numerical parameters in eq. 5 are those ap- 
propriate for inorganic sahs [24]. Of course, the 
main term in eq. 5 is the Debye-Hiickel factor. 
)f Z/(1 + 1.26J I ). We have elected to use the 
formula of Sun et al. 1241 because of its wide-rang- 
ing applicability. However. recourse to a pure 
Hiickel formula leads to equally good results. We 
calculate the local ionic strength from: 

I(r)=; &G,(r)+zp“~p 
[ , I (6) 

where cp denotes the concentration of the polyion 
sites, and c,(r) is the local concentration in ions of 
type i. Eq. 6 serves to calculate the local ionic 
strength, in order to maintain the total ionic 
strength of the solution: 

where c,O is the mean concentration in ions of type 
i within the solution. 

The system constituted by eqs. 3-6 is applica- 
ble to any type of polyeiectrolyte, in the presence 
or absence of added salts. It provides a useful 
generalizatica of the formalism previously used 
[ll], while removing some empiricism from the 
evaluation of the corrector factor y,(r)_ 

3. Results and discussion 

Calculated mean ionic activities in the presence 
of polymer are shown in fig. 1: the agreement is 
gratifying. A typical case, variation of the mean 
activity coefficients for NaCl and CaCI, in the 
presence of PSS, as a function of the mole fraction 
(x,,) of Na+, is presented in fig. 1 for a solution 
containing as many polymer sites as there are Cl- 
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Fig. 1. Variation of the mean activity coefficients for NaCI (0) 
and CaClz (0) in presence of NaPSS (6 = 2.80) [15]. as a 
funcrion of the mole fraction xNu in the solution. with A’= 
cp/[CI-j = 1. CT vcs display the resulls from the classicnl 
Poisson-Bol:zmann treatment (. . . . . . ). and from the present 
modified Poisson-Boltzmann treatment (- ). 

(X= 1). Whatever the ionic composition of this 
solution. our model reproduces extremely well the 
variations of the activities of the two salts (fig. 1). 
For X= 1. the comparison with the more classical 
Poisson-Boltzmann treatment (eq. 3 without y,(r)) 
leads to approximately the same results as for 
NaCl but shows significant differences for CaCl,. 
In each case (cf. fig. 2 of ref. 11) the new treatment 
provides a better agreement with experimental re- 
sults than the classical Poisson-Boltzmann law. 

Our method of calculation also provides a de- 
termination of ionic activities, as measured by 
potentiometry. However. the published cxperimen- 
tal data use systematically the Wells correction 
[25] or. more frequently that by Iwasa and Kwak 
[26] which is based on the total ionic strength of 
the solution. In order to compare our calctilated 
values and these experimental data, we have also 
applied the Iwasa-Kwak correction [26] to our 
rumerical determinations. Since the experimental 
and the theoretical values undergo the same cor- 
testion, the conclusions thus obtained are quite 
independent of the use of this correction_ 

!n this manner, we obtain an e:.cellent descrip- 
tion of the mean activity of NaCI, not only in the 
presence of NaPSS, but also with many other 
polyelectrolytes such as pectates. pectinates and 
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Fig. 2. Variation of the mean activity coeffkirnt for NaCl (I) 
and fcr tne activity coefficients of Na+ (A) and Cl- (v) in the 
p:esenc.z of pectat.z (<=1.63) [181 as a function of the con- 
centration ratio X berween the polymer concentration and the 
salt concentration. Comparison of the experimental results with 
our mrxiifird Poisson-Boltzmann treatmrnt (- )- 

CMC (figs. 2-5). These results indicate how im- 
portant it is to take into account interionic correla- 
tion, as we do by way of the activity correction 
(eqs. 3-5): this procedure provides a significant 
improvement of the Poisson-Boltzmann treatment. 

Our calculations are performed with the follow- 
ing geometrical parameters: 4.8 A for the radius of 
PSS [I l] and 3 A for the radius of the polysac- 
charides [S]. The distance H between adjacelrt 
polymeric sites is given by: 

H = ez/lmoc,kT~ (8) 

The dimension ai is taken as the radius of the 
solvated counterions 1271. Our digitization proce- 
dure [ll] uses 15-25 coaxial shells, and we have 
been careful to check that the results are invariant 
with respect to the totai number of shells. 

1 5 X 

Fig. 4. Same as fig. 2 for CMC (5 = 1.19) [IS]. 

The calculated activities are slightly sehsitive to 
the choices of different radii; a 10% change of Ihe 
polymer radius modifies the i\ra’ activity by only 
0.1% while the activity of divalent ions varies 
around 1%. A 10% change of the radii of the 
counterions modifies rhe cationic activities by 
l-2% while the co-ion activity remains constant. 

We could have improved the quality of the 
results, for instance, those in fig. 3, by slight 
adjustments of the intersite distance, which could 
be due to conformational modifications with re- 
spect to the fully extended polymeric chain [28], 
which we nevertheless retain as a working hy- 
pothesis in the framework of the cell model. 

Obviously, if we compare results from our model 
with the experimental data [l&19] (figs. Z-5), the 
activity of the Cl- co-ions is systematically above 
the experimental value. Also, our calculations have 
a tendency to underestimate slightly the activity of 
the counterions. In the cases of sodium heparinate 
[20] and calcium heparinate [21], our Computed 
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Fig. 3. Same 3s fig. 2 for pectinate (.$ = 1.20) [18]. 
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Fig. 5. Same as fig. 2 for CMC (5 = 1.38) [19]. 
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Fig. 6. Variation of the activity coefficients for Na+ in the 
presence of heparin (5 = 1.66) [ZO] as a function of the X ratio. 

values are in agreement with the experimental 

determinations of the activities of the Na+ and 
Ca” (figs. 6 and 7). 

Furthermore, we cannot help noticing puzzling 

aspects in the experimental determinations. Thus, 
measurements performc-d by the same authors upon 
equivalent polymczs (sodium pectinate c = 1.20 and 
Na CMC 5 = 1.19) are displayed in figs. 3 and 4: 
they show a completely different dependence of 
Cl- activity upon X, probably due to some specific 
interactions in the case of Na CMC. For Na CMC, 
the measured Cl- activity provides a better agree- 
ment with the predictions from our model. 

Likewise, we show in‘ figs. 4 and 5 the resuIts 
for a single system (Na CMC .$= 1.19; 1.38): 
again, there is some problem with the experimental 
values for the activity of Cl-, since it drops from 
approx. 1.2 (fig. 4) to below unity (fig. 5). At the 
same time, the Na+ activity measured by Kinaudo 
and Milas 1191 is markedly greater than that ob- 
tained by Joshi and Kwak [18]. 
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Fig+ 7. Same as fig. 6, for Ca” [21]. 

Fig. 8. Variations of the acriviries for Wa* (0) and Cu’+ (0) 
upon addition of CuSO, to a 2 mM solution of NaPSS f.$ = 2.80) 
[16]_ (0) aNrl -ox,- . where LZ$~.- is the activity of Na* in a 
solution containing oniy NaPSS. (0) ACt.?+ = [Cu”” I- LIC-* - . 
(-) Calculated with our modified Poisson-Bobmann 
model. 

The experimental determination of ionic activi- 
ties also seems to present difficulties. For instance, 
Miyamoto and Imai 1163 have studied the variation 
in activities of NaC and Cutt upon addition of 
CuSOJ to a solution of NaPSS. The plot showing 
the change in activity of Na’ shows a break, above 
which our calculated values deviate substantially 
from their results, while we continue to reproduce 
extremely we11 the activity of the added Cu’+_ 

Because of the above-stated probtems, or possi- 
bfe deficiencies, in the potentiometric determina- 
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Fig. 9. Variation of the osmoric coefficient Q for sokxtions of 
NaPSS (e) and CaPSS (m) (5 = 2.80) 114 as a funcrion of 
polymer concentration. ( -) Calculated with our modified 
Poisson-Boltzmann model: (- - . - . -) corresponds to the classi- 
cal Poisson-Bobmann equation [17]. 
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tions. we compare now our calctdation of the ionic 
activity with measurements of the osmotic coeffi- 
cient reported by Bratko and Vlachy [17] for solu- 
tions of NaPSS and CaPSS (fig. 9). Our calcula- 
tions give an excellent fit For the Na+ counterions; 
they underestimate slightly the activity of Cal’. 
For both systems (NaPSS. CaPSS), our model 
reproduces faithfully the variations with polymer 
concentration, which is certainly not the case for 
the ciassical Poisson-Eoltzmann treatment 1171. 

A third comparison is provided by spectropho- 
tometric methods [7,8]. They give information 
about ionic activities within the cell. We report 
here our results for Znz+ in the presence of sodium 
dextran sulfate [S]_ 

The spectrophotometric procedure relies upon 
introduction into the solution of a very small 
amount of a dye H’D- absorbing light at wave- 
length A’. Upon complexation of divalent ions the 
dye forms an MD+ species, absorbing at a new 
wavelength A”. For the equilibrium: 

D- t,ti” $e MD* 
(A’) ( X”) 

(9) 

the apparent equilibrium constant for complex 
formation is KApp = [MD’]/[M”][D-I= 8500 in 
the present case [8]. The final value calculated for 
the mean activity (u~,LI’. (r)) does not depend upon 
the particular choice for the constant K,,,. The 
ratio of the absorbances at the two wavelengths X’ 
and X” provides the mean activity of M”+ in 
solution. according to: 

where Q,(X) is the extinction coefficient for species 
i at wavelength h. and K,, the thermodynamic 
equilibrium constant. 

Calculation of the mean activity for Zn” in the 
cell demands simultaneous resolution of the mod- 
ified Poisson-Boltzmann (eqs. 3-6) and of eq. 9, 
which expresses the local equilibrium between the 
ions I?-. Zn” and ZnD’. For this purpose, we 
caiculate first the thermodynamic equilibrium con- 
stant. in the Debye-Htickel approximation (eq. 5): 

Kilh = ii 
Y* (1,) 

= Kw(yz+ (I,)) 
--1 

LPpy)( (11) 

where 1, is the total ionic strength of the solution. 
Subsequently, we calculate anew the local equi- 
librium constant according to: 

K(r) = K,,Yz+ (I(r)) (‘2) 

where I(r) is the local ionic strength (eq. 6). 
We then resort to the following schemer (LY) we 

calculate the distribution of Na+, Zn”‘, Cl-. D- 
and ZnD* from a numerical solution [ll] of eqs. 
3-6; (p) in each cylindrical crown we treat the 
local chemical equilibrium (eq. 9) with an equi- 
librium constant K as given by eq. 12. Calculation 
is repeated at step (Y until the difference between 
two consecutive results after step /3 becomes 
neghgible. In practice, about five to ten iterations 
are sufficient to achieve self-consistency. Measure- 
ments are made for various Zn” concentrations 
at constant total ionic strength (1, = 5 mM). The 
calculated curve of fig. 10 reproduces the experi- 
mental results for a dextran sulfate concentration 
of 1 mM extremely well. 

One should note the deviation between the mean 
ionic activity for the divalent ion and its value at 
the edge of the cell. Indeed, any two-state model 
will lead to such overestimates of 0 because such a 
treatment considers only noncondensed ions, i.e., 
ions which to all extents and purposes are equiva- 
lent to ions at the outer limit of the cell. 

To sum up, our modification of the Poisson- 
Boltzmann equation can be generalized to any 

Fig. IO. Variation of Zn” activities in a solution of dextrar. 
sulfate !.$= 2.80) [8] (c, =I mM) as a function of the ratio 
[Zn’ * j/c, for a total ionic strength of I, = 5 mM. (S, - 
[Zn’+ ]/c,,( 1 - ( yzn: - /Y$! )). where $, P 0.745). Comparison 
between our modified Poisson-Boltzmann model (-). and 
the experimental points. (. -. -. ) Activity at the cell limit. 
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type of polyelectrolyte and it provides excellent 
determinations of the mean activities of various 
salts in the presence of a polyelectrolyte. 

If the activity of counterions is compared 
according to various experimental methods, as dis- 
cussed above, the overall agreement with our 
calculations is gratifying. Our model’s major de- 
ficiency is the overestimate of the activity of the 
co-ion, which is greater than the experimental 
values. The Poisson-Boltzrnann equation will al- 
ways provide a co-ion activity higher than unity, 
due to electrostatic repulsion of that co-ion by the 
polyion. Perhaps it would be worthwhile in this 
respect to compare cur empirical activity correc- 
tion with other models which also incorporate 
interionic correlation [17,30], or interactions be- 
tween polyions 1311 neglected in the cell model. 
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